UNPUBL i HED FRELIAINAAY BHA. NB 21724

: 077
%2§:~x¢\_ Scientific RepoE;JNo 2 :7

dff Control Theory Group
|_

FHED o o
D RSl PR N

THE UNIVERSITY OF TENNESSEE

DEPARTMENT OF ELECTRICAL ENGINEERING

ADAPTIVE CONTROL SYSTEMS WITH
NONLINEAR COMPENSATION

by
Naresh K. Sinha

Supported by National Aeronautics and

Space Administration under Grant No. NsG-351.

July 15, 1963

R A

B— A PROJECT OF THE ENGINEERING EXPERIMENT STATION

= THE UNIVERSITY OF TENNESSEE COLLEGE OF ENGINEERING ———

Knoxville, Tennessee

b (il g
wen i} i
4k 13,

M“”.‘ m'ﬂ Ml'
k5 ‘.ﬂ i
!g-t-,t'" £
Tk . e L e i iR v L M S S




ADAPTIVE CONTROL SYSTEMS WITH
NONLINEAR COMPENSATION

Naresh K. Sinha

The research reported in this paper was supported by the
National Aeronautics and Space Administration under Research Grant

No. 351. This support is gratefully acknowledged.

THE UNIVERSITY OF TENNESSEE
ELECTRICAL ENGINEERING DEPARTMENT
KNOXVILLE, TENNESSEE



ABSTRACT

This paper considers adaptive control systems with a nonlinear
compensator instead of a conventional linear compensator for modification.
In order to overcome the intractability of the mathematical equations
arising out of the optimization of nonlinear systems subject to random in-
puts, staircase techniques have been used.

Optimizing equations have been derived for calculating the optimum
parameters of the compensator for the least mean-square error between the
actual output and the desired output in terms of the statistical properties
of the input signal and the plant dynamics. An example of an input-adaptive
system has been calculated showing that even a simple no-storage power-series

compensator gives a smaller mean-square error than the optimum linear com-

pensator.



1. Introduction

An adaptive or self-optimizing control system may be defined as one
which is capable of automatically adjusting its parameters with changes in
environment. These changes may be either in the statistical properties of
the input function, or in certain parameters of the plant dynamics. The
first part of the adaptive process is the identification of these changes.
The second part is the modification of certain parameters of a compensator
(or controller) which will optimize the performance of the system, based
on some specified criteria.

A number of various schemeslz’l*for the modifying process have been
discussed in the past, but in all of these instances a linear controller
is used. The controller provides either a variable gain, or some variable
time constants that can be used to cancel the undesirable poles of the
plant.

The object of this paper is to study the effect of using a non-
linear controller instead of a conventional linear device. Due to the
fact that the mathematics of nonlinear systems subject to continuous in-
puts is rather involved, it will be considered here that the data are
sampled regularly and converted into a staircase function, by using a
zero-order hold. It may be added that if a digital computer is used for
deciding what setting of the controller would give the optimum performance,
it is necessary to sample the data. Hence, it is conceivable that the
proposed scheme would be suitable for adaptive systems controlled by

digital computers.

2. Several Systems for Adaptive Control Using Linear Controllers.

A number of various systems have been proposed for adaptive control

* Numbers indicate references.



with a linear controller. These can be put into two basic types as
shown in Figure 1 and 2.
The system shown in Figure 1 is the so-called "model-reference

system'" developed at M.I.T.4’6.

This system utilizes a reference model

for providing the desired output, which is compared with the actual out-
put. The error is then fed into a computer which determines the modifi-
cation required in the linear controller in order to optimize the perfor-
mance. Several configurations have been proposed for the linear controller,
but in general, it may be considered as being made up of the parallel
combination of a number of lag networks with adjustable gains. 1In other

words, the controller has the following transfer function:

N

G(s) = Ao + E: Ak
R R R R ¢y

where the gain constants Ak are controlled by the computer, and the lo-

cation of the poles at - is fixed on the basis of bandwidth consider-
ations.

The various computations required for the above scheme can be cal-
culated by using staircase functions7. These computations can be sum-
marized in the following steps:

(a) Immediate past records of the staircase inputf x(t) and the
desired output Sz(t) are sampled 2N + 1 times. The interval of observa-
tion will be taken as -To to TO + T, where To = NT, and T is the interval
between each sample. The samples are used to calculate the correlation
function ordinates, ¢xx(kT) and ¢Xz(kT).

(b) The following coefficients are then calculated;

N
g = Oy OD BT (2)
j=0

and

TG 8,045 1) (3)
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where JP(kT) is the staircase P-response of the plant and ¢1mr(kT)
are the correlation function ordinates of the plant staircase P-
response.
Note: Here it has been assumed that the plant parameters are known.
Methods for plant identification will be discussed later.

(¢) The computer then solves the following equations for the
staircase P-response ordinates u of the optimum linear compensator

that will give the least mean-square error:

a u +a1u1+a2u2+ ....... +Oﬁ-1uN—1+aNuN=Bo
R AR L SRR ERC VDA VO s YO o Vo5
a2u0+a1ul%uouo+. +aN 3 N- 1+ON 2"y BZ ..................... (4)

O‘N“ +O‘N 1 1+°‘N 2" "“1“N-1+°‘0“N=5N

(d) From the optimum u's calculated above, the computer solves

the following equations to determine the gain-constants Ak:

DA, A +A3A e + =u;

A]_G A +A262A2+A393A3+. R TEETRRTRRTRE +ANQNAN=UZ

, 2 2 2

D014 F00 2‘*2‘”‘\3e Bt . FAONARTUS e (5

N-1 N-1

O S S Oy A

where



and

a being the poles of the compensator, defined in Equation (1).

(e) Finally the computer sends control signals to the controller,
adjusting the various gain constants, as required by Equations (5) and
(6).

It is presumed that all calculations and adjustments are made in
a very short time and that this time is less than the sampling interval;
therefore at the next sampling instant the computer is ready for a further
modification, depending upon the changes in the statistics of the input
as well as the plant dynamics. In the case of slower computers the
method would still be valid if during the computation period there has
been no change in either the statistics of the input or the plant dy-
namics.

The linear controller used for this system consists of an attenuator
and N lag networks. It may also be noted that 2N + 1 samples of the input
and the desired output are required for computing the optimum gain con-
stants. Therefore, a relationship between the number of channels (or lag
networks) required in the controller and the extent of correlation between
the present value of the signal and its past record is obtained.

The scheme shown in Figure 2 does not require a model and has been
used, with slight modifications, in a number of practical systemslz, with-
out computer control. In such cases, the compensator consists of just a
variable gain element. Staffin12 has suggested a controller requiring a
variable gain as well as an adjustable compensation nethrk for providing
cancellation zeroes to remove the effect of a lightly damped pair of poles.

This method can be used also with a digital controller, but the
optimizing equations are more involved than Equation (4). Optimizing

equations have been derived in Appendix II.

3. Staircase Techniques for Plant Identification

In the previous section it has been tacitly assumed that the

characteristics of the plant are known. In general, this requires some
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arrangement for the identification of the plant dynamics. A number of

! How-

different procedures have been proposed using analog computers
ever, when a digital computer is used for computation, it is more
practical to use the same computer for plant identification as well,
A staircase technique for plant identification is shown schematically
in Figure 3.

This method has the advantage that no test signal is required.
It does, however, require measurement of the input to the plant and the
output over a number of intervals and computation of the correlation
function ordinates @ (kT) and @ (kT). From measurements, the

JIX X - FXIY

ordinates of the staircase P-response of the Plant <*(kT) can be cal-

culated by solving the following set of simultaneous equations:

r-s

T = §__ (sT) %

N
Z YT Bk
r=o

for s =0, 1, 2,........ N.
It may be pointed out that the proposed method does not take into
account the error introduced in measurements. If desired, however, these
errors could be reduced by making multiple measurements11 of the plant

input and output.

4, Adaptive Systems with Nonlinear Controllers

So far it has been assumed that the controller has a linear
structure, capable of adjusting certain gain constants as well as certain
time constants. It seems possible that with a nonlinear controller the
performance of an adaptive system may be considerably improved. At least
one could intuitively argue that since nonlinear filters give smaller
mean-square error compared to linear filters subject to random inputsla,
it is expected that nonlinear controllers would give a smaller mean-
square error in the case of adaptive systems subject to random variations
in the input signal as well as the plant parameters. Moreover, during the
interval between the adjustments in the parameters of the controller, a
suitably designed nonlinear system would work better than a linear system

in many situations.
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As a simple example, it will be assumed that the controller is an
instantaneous (no-memory) nonlinear device whose output and input are
related through the following equation:

M

vom = ) af, (D] oo (10).

k=0

For a still simpler case the right-hand side of Equation (10) may
be replaced by a power series, e.g.:

M

v(£T) = Z N (11)
k=1

of which the coefficients a are adjustable. The optimum values of a,
which will give the least mean-square error between the desired output

and the actual output are obtained by solving the following equations:

Q8T et vy T B
a21al+a2232+ ............... +Ot2MaM = By e (12)

.......................................

where N N
@ - Z Z LA R e-s|T) o (13)
=0 s=o0
and N
Bk = E: Wﬁr )] K (6 0 5 (14)
=0 P A

The nonlinear correlation functions in Equations (13) and (14)

are defined as

?fr
1 ' j k
1] ik (xrT) = ) oo xp . xp+r ................ (15)
X X
N-r
1 k
and @, (T) = o7 o X By e (16)
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In general, Equation (10) represents a multipath no-storage non-

linear device, shown schematically in Figure 5.
The optimum values of a, which will give the least mean-square
error between the actual output and the desired output, are obtained by

solving the following sets of equations:

M N N

RSN b Z””r 8, (£:xT)

mEe. rEe 87O eevereenreneeeea(17)
for j=o0, 1, 2, ..... ,M

where the nonlinear correlation ordinates ¢mj (f;|r-s|T) and ¢jz(f;rT)

are defined as below:

1 N=s [x ]
8.y (Blr-s[D = =07 L fm[xp] Ey LpFserl
for s r
NeT et ev e (18)
; [x,) 5, [pred]
= f . ptr-s
N-r+l p=0 mlp j
for s¢r
and 1 %if
8, (F5 P 2, 3 [xp].zp+r .................... (19).

In the more general case of a nonlinear device with storage, it is
always possible to consider it as a cascade combination of a no-storage
nonlinear device and a linear system with storagels’lé. Hence, the
analysis presented in this paper may easily be extended to include such

nonlinear devices with storage.

5. Example of an Input-sensing Adaptive Control System:

To compare the relative performances of linear and nonlinear com-
pensators an example of an input-sensing adaptive system is taken. The
plant is assumed time-invariant, and the desired output is taken as being
equal to the input. As only a small number of samples of the input data

are used in a practical case, twenty-one samples of a random signal are
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assumed as input to the system. The optimum u's for the linear compen-
sator are obtained by solving Equations (4), and these are used to
determine the gain-constants for the linear compensator having one
attenuator and ten lag networks, by solving Equations (5). The mean-
square error for the system with optimum linear compensation is cal-
culated.

A nonlinear compensator is, then, assumed, of the power-series
type, with the first five powers. The optimum coefficients for the
power series are calculated using Equations (12) and the mean-square
error between the actual output and the desired output is evaluated.

Details of the calculations in this example are given in Appendix

IIT.
6. Conclusion:

This example shows that even a simple power-series no-memory non-
linear controller has a performance excelling that of the optimum linear
controller. It is, therefore, expected that a nonlinear controller with
a finite memory will have a much better performancela. A number of such
nonlinear controllers will be investigated in a following paper.

It may be added that although a particular form of linear com-
pensation was assumed; this did not enter into the calculation of the
optimum u's of the compensator, nor in the mean-square error. Hence,
although it is possible to obtain alternative configurations for the
linear compensator, the mean-square error cannot be reduced further

without using nonlinear devices.
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Appendix I: MATHEMATICAL FORMULATION OF STAIRCASE ANALYSIS

1. The theory of staircase analysis has been presented very well by
Prasad in his doctoral dissertation (7). However, due to the general
non-availability of his work in this country, the theory will be briefly
reviewed in this Appendix.

2. The Defining Equations: To define the staircase function, one can

use the concept of the well-known zero-order hold circuit, the weighing

function for which is given by

P(E) = U(t)-ulk=T) ...ttt iivinnrtiorvmrronasnanccssnnnns (Al.1)
where u(t) is the unit-step function, and T is the "sampling interval'.
The function P(A) is shown in Figure A.l.

The extrapolated output of this "clamp" to input x*(t), shown
schematically in Figure A.2, is given by

oo

Irx(t) = J[-u(r)-u(T-T)] X*(t-T )dT

~0o
- [em-(T-D) ) *(e-T> See-T-nmaTl
-° 5 n=-o
- Z x(nT) {u(t-nT) “u (t—nTn:)}
n=-00
°Fs rx(e) = L (D) . B(E-DT) Leeeineiiienenenn ... (AL.2)

where P(t-nT) represents a rectangular pulse of duration T and unit height,
applied at t-nT; e.g.,

P(t-nT) = (1, for nT gt $(n+1)T
(0, elsewhere .......covtiivviernennnnnnensnnns (Al.3).

Equation (Al.2) defines the transformation of the continuous time
function x(t) into a staircase function x=x(t), with the following char-
acteristic features:

(a) The value of £ x in a sampling interval remains constant, and

equal to the value of x(t) at the commencement of the interval.

(b) 1If the observation of x(t) is limited to a finite time period,

-To to TO+T; where T0=NT, the "staircase function" takes the form
N

Fx(E) = Y X(MT) . P (E-MT) it (AL.4).

m=-N
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(¢) It is assumed that the sampling interval T has been selected
in compliance with Shannon's Sampling theorems.

Another definition of rx(t) is given below, which may be given

a physical meaning consistent with Figure Al.2.
0 oe

rx(t) = Z fx(c‘).P(t-G") S(S-aT)d 6™ o (AL.5)

== -0

3. Properties of the operator P(t):

(i) 7T;P(t-mrT) = (P(t-mT) if all m, =m simultaneously

o (0, otherwise ... ... .. vvviennns e (Al1.6)
(ii) J'P(t-iT),P(t—jT). -,]f'dt YV RIPPPPPRTTTIe e, (A1.7)
-

where Aﬁj = Kronecker delta

(iii) The output of a physically realizable linear system of
weighing function w(t), to which the pulse P(t) is applied at t=0, is
given by o

u(t) = 4[ w(T) .P(t =T) e e (A1.8)
@O
and Ju(t) = E: u(nE) .P(E-nT) ittt (Al1.9).
n=o

The function JFu(t) will be referred to as the "staircase P-
response” of the linear system, and for brevity, u(nT) will be denoted

as u_.
n

A short table of the staircase P-response of elementary linear

systems is given below:

w(t) W(s) u (uo=o)

1. u(t) i .

2. 71 1 T [nr-(n-l)r}
(r-1)! s* ()"

3. &7t -

1 e-a(n-l)T {1_e-aT}
a



k-1 k-1
k-1 - -aln-
4, ¢ 1 -aT 1 oaln LT Z qun-lgq _o-anT Z Tn
1 - - - -
(k-1)! (s+a)k q= ak qq! q ak qq!
5. sin wt —203—3 _
5 4w U% [cos ®w (n-1) T -~ cos wnt]
6. cos wt ]
1 . L oed _ ]
sz-!-wz % [51n onT - sin w(n-1)T
-at
7. e sin ot w
—_ 1 -a(n-1)T ( _ }
(s+a)2+w2 ¥ [e sin [w(n-1)T + ¢
-at
8. e cos wt sta ~a(n-1)T
(s+a)2+<D2 + e cos {w(n-l)T + ¢)
where r= V w2+a2, @ = tan a_:_:
4, Linear Staircase Systems: It should be noted that
x(t-T) = ;x(nT).P(t-‘C -nT)
and
x(t+T) = ;x(nT).P(t+'C-nT) ......................... (A1.10) .
For the linear system of Figure Al.5, o0
y(t) =ﬁ(t)_rx(t-t.)dz = jw(:)z x(nT) P(t-T -nT)d T
) 0 n
o©
or, y(t) = ) =x(aT) . u(t-nT) =) x_ u(t-nT) ........... (Al.11)
oo n n=o O
where u(t-nT) =| w(z ) P t-T-nT)dT is the output of the linear system
to the input P(tgnT) applied at t=nT.
The stairegse output is giv%g by .
Ty(t) = Z Vi P (t-kT) = Z Z wX L P(t-kT) ...... (A1.12)
k=0 k=0 r=o
k k
and Ve T UK YUt = rZ=o Xr Yger T 2::0 Fe-rr .. (A1.13),

5. Nonlinear Staircase Systems: Consider the zero-memory (or instantan-

eous)system of Figure Al.5 having the nonlinear functional f [ ]

Here,

flrx(t)
f Exn]}.’(t-nT)] = Z f [Xn] P(t-nT) .vevvnvs. (Al.14),
n

n

Ty
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Similarly, for the system of Figure Al.6
N n
Jy(t) = f\:z Z urxn_rP(t-nT)] = z f[z urxn-r] ....(AL.15)
n r=o n r=0

Equations (Al.14 and (Al.15) display the following characteristics:

(a) The instantaneous nonlinearity is additive only with respect
to the subscript which is symbolic of the sampling instants. For example,
if additivity is considered with respect to r in (Al.15), the absurd

relation n n

f{;: 5: u_x_ _P(t-nT) ] = E: £ [n urxn_rP(t-nT)] results,

n r=o r n-r r=0
(b) The pulse operator is such that the functional f [ ] may be
considered homogenous, leading to
£ - BekD)] = £ x ] PCERD, (A1.16)
which is consistent with physical reasoning as well.
Now consider the general no-storage multipath system shown in

Figure Al.7.

w8

HE0 I RS 4 i ieiieisiiei e (A1.17)
M
Ty = ;,12=:o ; af, [xn]P(t-nT)
M
= 3;0 Z; au, fu,n'P(t-nT) ..................... (A1.18)

where fu 0 represents the output of the uth nonlinear path when the input
b
pulse is X, = x(nT).
If fu is replaced by [ }u, a power-raising device, one obtains

the power-series filter, and
M

() = IR R TG N (A1.19).
Ty §=1 a“[ “] ’

Consider the delay-line filter shown in Figure Al.8. The tapping
intervals on the delay-line has been taken as T, the same as the sampling
interval of the staircase input. The fu's are zero-memory nonlinear two-

ports, consistent with Equation (Al.1l4).
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The output of the utb weighing function is given by
f x(t-puT
u[‘( u)}

LTy() =

znf” [xn] P(t-irtnT)
Y £ P(t-pnT)
n
Y
n

£ P(t-ptnT)  .evenn. e (A1.20).

=

We. shall now consider a nonlinear system with storage, shown in
Figure Al.9, which is made up of an instantaneous nonlinearity f ],

followed by a linear system of weighing funtion w(t).

Here, oo
y(t) = j w(Z) £ [rx(e-T YT jw(‘c) [‘Z‘x P(t-nT-T) ]
= E: f [Xn]' U(E-DT) vivererrenerroanenaananssss (Al.21)
T
k —
at tkI, y, = 3 f [xr]u(k-rT) ...................... e, (AL.22).
r=-o°

If the linear system is to be physically realizable, (for sampling

to commence at t=o),

s

Jy() u(ﬁ T} P(E-KT) oivvriinnnnns (A1.23)

]
SH gk
H
—
”
a I

1l

u_ .f[xk_r] PCEKT) wenennninnnns (A1.24).

For the general multipath storage filter shown in Figure Al.10,

y(t) = f w, (T) £, [_['x (t-'C)}d'C
i=o
M

= Y L f uenT) (A1.25)
i=o n
and M X
Fy® = ¥ LY u L P(EKT) (A1.26)
i=o k r=0 ’
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6. Nonlinear Staircase Filters of Higher Orders:
Following Zadeh, assume that f[ ]has a power series expansion
of the form 0
£ [+]
r=0

where it is implied that in the least mean square error sense f[ ]may be

................................... (A1.27)

1
g
i)
w
=

approximated by

M

Elx] = Y A (A1.28),
r=0 r

Hence, the staifcase output in the case of the nonlinear filter

of "order M" defined by (Al.28), is

M N
IY() = Y Y aXs P(E-KD)eiiiriiiiiiiiiians (A1.29)
r=o0 k=o
Yk
where Xk= Z u X o
80

Equation (Al1,29) can be derived alternatively as below:
[s o}
N
= - - T.
y(t) a + _alfw('Ul) X1 P(t n, T 'Cl) d &y

n1=o

a
® » N
+ a, j] w(‘cl) w(‘CZ) Z P(t-nT-'Cl),
2 0

n =o
1
N
P(t- -
) pg F(E70,T- ))TdT,
n,=o
i .
_ po0 -4
+ e ce . - -
aMf f w(‘Cl) w('CM) Xn].P(t an 'Cl)....
o o n,=o
N
;Mq)x P(t-nMT-'CM) d‘C1 ...... d'CM
) N
= ao+a1 Z X u(tl-an)
n,=o
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N N
+ a, E: X . u(t—an) . an u(t-nzT)
n, =o n,=0
+ .
N N
+a.M Z xnl u(t-an)... Z ng u(t-n.MT) ....(A1.30).
m, =o » =0
Note that at t=kT, the coefficient of a is
N N r
Y X u(kT-n;T) ... 5 x  u(kI-nT) = X
n,=o n_=o
1 T
which leads to
M N .
T
Ty =Y ,[V(: a X PCE-KT).ooooviiinnnniiienn. (A1.31).
r=0 k=o
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Appendix II: OPTIMIZATION OF LINEAR AND NONLINEAR STAIRCASE SYSTEMS

1, The theory discussed in Appendix I will be used to derive the

various optimizing equations used in this paper.

2. Model Reference System with a Linear Controller: Consider the

model reference system shown in Figure 1.
The linear controller has its staircase P-response given by ru(t),
and the plant is described by its staircase P-response I Y*(t).

Using equation (Al.13), the staircase output of the controller

is given by
o k
Tu(e) =) Y u R POEKD) (A2.1)
and k=0 r=o
k
v, = E: u
k- & r e o e e e (A2.2)

Similarly, the staircase output of the Plant is given by

oo k
Y L m v, P(t-nD)

Jy(e) =
n=0 Tr=0
or, o© N k
Ty =) )} X Yo PET) (A2.3)
n=o0 k=0 r=o r
and N k
Y, = Z Z ux ’Y‘n_k I R CEREETEREERE (A2.4)
k=0 r=o0

The mean-square error between the desired output J z(t) and the

actual output 1 y(t) is given by
N

Z [zn-yn] TR (A2.5)

1
N n=o
where N = total number of samples,

e -

With considerable algebraic manipulation, equation (A2.5) can be

transformed as

-2 N ‘N N
2 - -
€~ ?rz.rz(o) -2 Z;o wP o+ Z;o Z;ourus a l-s| ....(A2.6)
where . N
1 2
O, 20 =5 Z Z. ervreeeeeeeeaceenies (A2.7)
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JX(ET_‘]-T) i (A2.8)

%

B I 0

I
e

= N -
P = S am) B, c,OFIT) e (B2.9)
3o
and N-i
Bre (i) = kZoTkY‘kﬂ' e ceereie.n . (A2.10).

The optimum u's, for minimum mean-square error are obtained by

setting the various partial derivates ) 62 if Equation (A2.6) to
ju8

T
zero. These give the set of simultaneous equations for the optimum u's
as in Equation (4).

Once the optimum u's are obtained, substituting these back into

Equation (A2.6) gives the minimum mean-square error for the linear case,

2 N
_ B it (A2,11)
€ =¢J_Z 2 (o) - }: YnPn

min n=o
The next problem is to determine the linear network the staircase
P-response for which would correspond to the optimum u's obtained. Since
only a finite number of these u's are known, a number of different con-
figurations are possible. For instance, one may assume that the transfer

function of the linear controller is given by

N A
G(s) = A+ ) K et (A2.12)
° k=1 s+a

k
where A0 represents a variable attenuator, and Ak represents variable
gain constants. The location of the poles, Ak’ is arbitrary, except
that they should not be equal. However these may normally be fixed on
considerations of bandwidth.
Using the table in Appendix I, the staircase P-response for the
transfer function given by Equation (A2.12) is obtained as

A
(o]
Lo A et et ad (A2.13).
r Z: k a

k=

k

Equations (A2.13) may be arranged as in Equations (5) and (6) for
solving Ak'
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3. Linear Controller for System without a Reference Model:

For the system shown in Figure 2,

N k ,
AT JRNED Y UK S (AT PP PP PRPRERERRRRTS (A2.14)
k=0 r=o0
and N Kk
z = Z_ L U M By e (A2.15).
j=o k=0 r=o0
Also, € = zZ =X .iiiiiiiiiiiiiiiiienn e (A2.16).
n n'n
Equations (A2.15) and (A2.16) may be used to eliminate E‘n’ giving
and explicit relationship between z_ and X - Finally one may find the

optimum values of u_ by taking partial derivatives of the expression for
the mean-square error. However, the algebra gets very involved, and so,
this will not be pursued further in this paper.

4, Optimizing Equations for a System with Nonlinear Compensation:

Consider the system shown in Figure 4, the nonlinear controller
being defined by Equation (10). The staircase output of the controller

is obtained by noting that
M

voo= 8 af [x] e (A2.17) .
k=0
The staircase output of the system is, therefore, given by
IO D) Y, Yy PCEKT) oo (A2.18)
k=0 r=o0

Using the expression for v, from Equation (A2.17) the output at the

th , ] .
n sampling instant is given by
M

n
y = YAty (K] Ve e (A2.19).
r=o k=o

The mean-square error is given by
N

2
2 _ l ( )
€ TN n=o Zn yn)
N N
= 1 1 2
- ¢_rz_\'z (o) N Z 2znyn + N z yn ........... (A2.20).

n= n=o
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With considerable algebraic manipulation, equation (A2.20) can

be put into the following form:

- M

2
€ =9 (o) -2 Y :
rzsz Z a ; r¢mz (£;rT)
m=o0
* ; Zn Wen L LVrTe 6 (f |- | )l (A2.21)
r s mn
where the nonlinear correlation ordinates are defined as below:
1 N-r
¢mz(f;rT) = m pz=o fm [Xp] . Zp+r ............ (A2.22)
and
1 N-s -
¢mn(f; \r-s\T) = N-s+1 fm {.Xp] . fn [Xp+s-r] ,
p=0c
for r ¢ s
N-r
1
f
= N-r+l m [xp] ’ fn [Xp+r-s]
p=o
forrs s ..ol (A2.23),

Finally, the optimum values of a, may be obtained by setting the

partial derivatives S The optimizing Equations (17) result.

2

a
r

= 0.

.The minimum value of the mean-square error is given by

€° =06, ,0- ) a Z Yr ¢ (£rT) ... (A2.24)
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Appendix III: EXAMPLE OF AN ADAPTIVE SYSTEM WITH NONLINEAR COMPENSATION
As an example, a time-invariant plant is assumed with transfer-
function given by E%T . For a sampling interval T=0.1 second, the stair-

case P-response of plant is given by

() =0
T(aT) = e~ (DT J(1-e7Ty = e 0-1(n-1) g _-0.1y
The first eleven of the staircase P-response ordinates are given

below: Y =0

T(T) = 0.095163

T(2T) = 0.086106

T(3T) = 0.077913

T(4T) = 0.070498

T(5T) = 0.063789

T(6T) = 0.057719

Y (7T) = 0.052227

T(8T) = 0.047256

T(9T) = 0.042759

7°(10T) = 0.038691

The random signal input to this plant is given below:

t x(t)
-10T 1.05
-9T 2,24
-8T 2.41
-7T 4,22
-6T 3.76
-5T 7.79
-4T 9.96
-3T 9.63
-2T 8.96
-T 8.54
0 5.86

T 2.89
2T 6.36
3T 0.94
4T 1.04
5T 0.71
6T 5.11
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7T 0.24
8T - 0.10
9T 5.22
10T 0.71.

The desired output is taken as equal to the inmput, i.e., z(t)=x(t).
To determine the optimum linear compensator, the various correlation
functions are calculated and used to calculate the various Q's and B's

defined in Equations (2) and (3). These are given below:

o = 5.150164 B, = 12.84787
Q) = 4.785945 p, = 12.03603
Q, = 4.495699 B, = 11.10204
ay = 4.158237 B, = 10.08288
o, = 3.752778 B, = 9.11111
a, = 3.375715 Bs = 8.32439
G = 3.106233 Bg = 7.62324
o = 2.861431 B, = 6.77098
Qg = 2.561063 Bg = 6.27139
ay = 2.399077 By = 5.67021

oy, = 2.190972 Bl = 491666 .

These are used in Equations (4) to calculate the staircase P-response

ordinates of the optimum linear controller. These are -

ug = 2.418129
u, = 0.4830323
u, = 0.1854337
ug = 0.3234086
u, = 0.1357262
ug = 0.2605517
ug = 0.3003115
u, = -0.5957485
ug = 0.4392162
ug = 0.1573702
u . = -0.3836328 .

o
Q
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The mean-square error between the actual output and the desired
staircase output for the optimum linear filter, calculated by using
Equation (A2.11) is found to be 4.45086.

Next, a power-series controller is assumed, the input and output
for which are related through Equation (11), with M = 5.

The nonlinear correlation ordinates are computed as in Equations (15)

and (16) and the coefficients ay obtained as below:

a = 9.270819

a, = -2.219032

ag = 0.009191157
a, = 0.0155692

ag = -0.000012995 .

With these coefficients, the mean-square error is found to be 3.0306,

compared with 4.45086 for the linear case.
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